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INTRODUCTION AND SUMMARY 

This f i r s t  qua r t e r ly  repor t  under Contract  NAS7-389 descr ibes  t h e  

progress  made i n  developing an understanding of t h e  processes ,  occurring 

during rapid depressur iza t ion  of burning s o l i d  p rope l l an t s ,  t h a t  can re- 

s u l t  i n  an extinguishment of combustion. 

I n  b r i e f ,  one phase of t he  i n i t i a l  approach being followed i s  de- 

velopment of a t h e o r e t i c a l  model t ha t  can accommodate the  physical and 

chemical processes t h a t  occur i n  the  combustion wave; t h e  model i s  being 

made compatible w i t h  known experimental f a c t s .  The second,and p a r a l l e l ,  

experimental phase covers  t he  inf luence of propel lan t  formulation charac- 

t e r i s t i c s  on ex t inc t ion  and o the r  r e l a t ed  t r a n s i e n t  phenomena such a s  

i g n i t i o n .  

The model proposed f o r  descr ibing t h e  response of a burning s o l i d  

propel lan t  t o  pressure  t r a n s i e n t s  already appears capable of explaining 

a l a r g e  volume of combustion i n s t a b i l i t y  da t a  obtained a t  t h e  I n s t i t u t e  

i n  another  program.' 

u t i l i z e d  i n  forming t h e  model; ana lys i s  of t h e  model accura te ly  pre- 

d i c t ed  the  t rend  of t he  s t a b i l i t y  bound vs  pressure f o r  AP-based pro- 

p e l l a n t s .  ) 

(Aspects of these da ta  cont r ibu ted  t o  the  concepts 

The experimental s t u d i e s  sought t o  i n v e s t i g a t e  the  l i m i t s  of s t a b l e  

combustion a s  pressure i s  reduced. A profound inf luence  of ox id izer  and 

binder  c h a r a c t e r i s t i c s  was observed, which appears r ead i ly  explained by 

our  t h e o r e t i c a l  model. An addi t iona l  observat ion was t h a t ,  without 

except ion,  a simple burning r a t e  law does not appear j u s t i f i e d  i n  the  

quasi  s teady s t a t e  analyses  of t h e  ex t inc t ion  process developed else- 

w h e r e . ' ~ ~  A more s i g n i f i c a n t  problem appears t o  r e s ide  i n  t h e  f a c t  t h a t  

t he  r e l axa t ion  t imes f o r  combustion processes a t ,  o r  c lose  t o ,  t h e  so l id  

sur face  a r e  commensurate with the ex t inc t ion  t i m e ;  hence, a simple l i n e a r  

or exponent ia l  pressure-dependent type of burning law cannot adequately 

expla in  non-steady s t a t e  phenomena. 
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EXPERIMENTAL STUDIES 

General 

I n  support 

techniques were 

These inc lude  a 

of t h i s  research program, a v a r i e t y  of experimental 

s e l ec t ed  f o r  studying t h e  re levant  combustion phenomena. 

s t r and  burner f o r  lower ex t inc t ion  l i m i t  determination, 

and a va r i ab le  a rea  plug nozzle motor i n  assoc ia t ion  with a vacuum 

chamber; an a r c  image furnace i s  used f o r  assoc ia ted  i g n i t i o n  s t u d i e s .  

Recognizing t h e  importance of propel lan t  composition i n  combustion 

phenomena, i t  was decided t h a t  a w i d e  range of composite and double base 

formulat ions would be s t u d i e d .  I n  add i t ion ,  t he  inf luence  of unconven- 

t i o n a l  propel lan t  modifications such a s  s p e c i a l l y  coated ox id ize r s  can 

be examined, s ince  a f l u i d i z e d  bed coater i s  a v a i l a b l e .  

Burning Rate S tudies  

The i n i t i a l  s t u d i e s  on burning r a t e  w e r e  made with a modified Craw- 

f o r d  s t r a n d  burner .  While t h e  burning r a t e  was determined by conven- 

t i o n a l  techniques,  t h e  lower l i m i t  f o r  combustion was monitored, using 

a photocel l  t o  de t ec t  burning a s  the pressure  was slowly lowered. 

The i n i t i a l  i nves t iga t ions  were concerned with composite propel- 

l a n t s  based on two d i f f e r e n t  binders ,  PBAN and PU, and two d i f f e r e n t  

ox id i ze r s ,  AP and K P  ( t he  inf luence of a c a t a l y s t ,  Fe,O, and aluminum 

was a l s o  s tud ied ) .  

A Ni t ra so l  propel lan t  was examined; t h i s  was a composite modified 

p rope l l an t .  The propel lant  formulations s tud iedare  d e t a i l e d  i n  Table I .  

Burning r a t e  p l o t s  f o r  PBAN propel lan ts  with va r i ab le  oxid izer  

loading,  aluminum contents ,  and i r o n  oxide c a t a l y s t  l e v e l s  a r e  given i n  

F i g s .  1, 2 ,  and 3. Figure 4 i s  t h e  p l o t  f o r  propel lan ts  containing 

KC10,  and Ni t r a so l .  I t  i s  r ead i ly  apparent t h a t  t he  c l a s s i c a l  equation 

r = apn i s  unsa t i s f ac to ry  t o  represent t h e  burning r a t e  much below 60 p s i a .  

2 



Formu 1 a t i  on 

PBAN 103 

PBAN 285 

PBAN 286 

PBAN 287 

PBAN 288 

PBAN 289 

PBAN 290 

PBAN 291 

PBAN 292 

PBAN 293 

PBAN 294 

PBAN 295 

PBAN 109 

P U  144 

N I T  101 

PBAN 244 

PBAN 284 

Table I 

PROPELLANT FORMULATIONS 

Oxidizer 

80 "4c104 

80 NH4C104 

80 NH,C104 

80 NH4C10, 

80 NH,C104 

72.5 NH4C104 

70.0 NH4C10, 

67.5 NH4C104 

65 . O  "4c104 

84 NH4C10, 

86 NH4C104 

88 NH,C104 

80 K C 1 0 4  

80 K C 1 0 4  

35 NH4C104 

79 NH4C104 

79.5 NH4C10, 

Weight Percentages - - 
A 1  - 

7.5 

10.0 

12.5 

15 . O  

15 .O 

- 

B i n d e r  

20 

19.5 

19 .o 
18.5 

18 .O 

20 .o 
20 .o 
20 .o 
20.0 

16 .O 

14 .O 

12 .o 
20 

20 

50 

20 

20 

B a l l i s t i c  Modifier 

0.5 Fe,O, 

1 . O  Fe,O, 

1.5 Fe,O, 

2.0 Fe,O, 

1 L i F  

0.5 SrCO, 

PBAN = Polybutadiene/acryl ic  acid/acryloni  t r i l e  binder 

PU = Polyurethane binder 

N I T  = N i t r a s o l  double base b i n d e r  
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The devia t ions  appear t o  be g rea t e r  with aluminized p rope l l an t s .  

S ~ m m e r f i e l d ~  has proposed t h a t  t he  equat ion,  

l a  b r - ~ + m  - - -  

i s  more appl icable  from t h e o r e t i c a l  cons idera t ions .  The p r e s s u r e  range 

considered w a s  1 t o  140 kg/cm*; whereas the  present  study extends t o  

0.08 kg/cm2. The Summerfield equation can be expressed a s :  

and a p lo t  of Log P/r versus Log P should g ive  a s t r a i g h t  l i n e .  I n  

F i g .  5 the  burning r a t e  da ta  f o r  one propel lan t  from each v a r i a t i o n  

study a r e  p l o t t e d .  The devia t ions  a t  lower pressures  f o r  t h e  aluminum 

and NH4C104 v a r i a n t s  appear t o  be about t he  same a s  with r = ap". The 

catalyzed propel lan ts  appear t o  be co r re l a t ed  b e t t e r  a t  a l l  pressures  

by t h e  Summerfield c r i t e r i o n .  

Lower de f l ag ra t ion  pressures  were measured i n  t h e  s t r and  bomb, 

using a photocel l  t o  d e t e c t  ex t inc t ion .  The output vo l tages  of t h e  

photocel l  and a pressure transducer w e r e  recorded on an osc i l lograph .  

The lower de f l ag ra t ion  pressure (PDL) was taken a s  t h e  pressure a t  which 

the  photocel l  output became zero during a s teady pressure  decrease.  

About 20 seconds were required f o r  the  pressure t o  drop from 14.4 ps i a  

t o  0.3 p s i a .  Duplicate runs were made with each p rope l l an t .  The da ta  

a r e  l i s t e d  i n  Table 11. One of the  s t r i k i n g  f e a t u r e s  of t hese  da t a  i s  

t h e  remarkable consis tency of t he  lower de f l ag ra t ion  pressure  f o r  PBAN 

prope l l an t s  containing ammonium perchlora te .  Var ia t ion  of AP from 80 t o  

86$, aluminum from 0 t o  15$, and i ron oxide from 0 t o  2$ did  not change 

the  lower de f l ag ra t ion  pressure i n  the  range from 0.94 t o  1 .58 ps i a .  

I n  view of t h e  invar iance  of MI4C1O4 propel lan ts  with regard t o  PDL, 

o the r  ox id i ze r s  and b inders  were inves t iga ted .  The u s e  of KC10, r a i s e s  

PDL t o  about 24 p s i a .  

KClO, ox id i ze r  r e s u l t e d  i n  a propel lant  t h a t  did not burn below 64 p s i a ;  

a change t o  Ni t r a so l  propel lan t  containing both aluminum and AP gave a 

Surpr i s ing ly ,  a change from PBAN t o  PU binder  with 

6 
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Table I1 

LOWER DEFLAGRATION PRESSURES 

Formulation' Variable 

PBAN 103 80% NH&104 

PBAN 293 84% NH,ClO, 

PBAN 294 863 NH4C1O4 

Pressure Ps ia  

1 .OS 

0.94 

1.16 

PBAN 295 

PBAN 289 

PBAN 290 

PBAN 291 

PBAN 292 

PBAN 285 

PBAN 286 

PBAN 287 

PBAN 288 

PBAN 109 

PU 144 

NIT 101 

PBAN 244 

PBAN 284 

1.36 

1.58 

1.39 

1.35 

1.41 

1.09 

1.29 

1.25 

1.27 

>24.4 

x4.4 

1.90 

2.10 

1.40 I 

88% NH4C104 

7.5% V.M. H-322 A 1  

10.0% V.M. H-322 A 1  

12.5% V.M. H-322 A 1  

15.0s V.M. H-322 A 1  

0.5% R-5098 Fe203 

1.0% R-5098 Fe203 

1.5% R-5098 Fe20, 

2.0$ R-5098 Fe,03 

80% KClO,/PBAN Binder 

80% KClO,/PU Binder 

15% Al/Nitrasol Binder 

1% LiF 

0.5% srco, 

'Formulation Ingredien ts  a r e  i n  Table I 

PDL i n  t h e  same range a s  t h a t  found f o r  o t h e r  AP-containing propel lan ts .  

Another poss ib le  method of changing PDL i s  by c a t a l y s i s .  Numerous in-  

v e s t i g a t o r s  have reported on t h e  e f f e c t s  of such r a t e  depressants  a s  

l i t h ium f l u o r i d e  and potassium f luo r ide .  Ciepluch' reported t h a t  po- 

tassium f l u o r i d e  made e x t i n c t i o n  e a s i e r ,  whereas a binder  change from 

PBAA t o  PU did not in f luence  ex t inc t ion  under h i s  experimental condi t ions  

I n  l i thium-fluoride-  and strontium-carbonate-catalyzed p rope l l an t s ,  w e  

f i n d  l i t t l e  change i n  PDL from propel lan ts  not containing these  ingredi -  

e n t  s . 

8 



The inves t iga t ion  of threshold l i m i t s  f o r  i g n i t i o n  has revealed 

a l s o  t h a t  f o r  propel lan ts  containing t h e  same ox id ize r ,  NH4C104, t h e  

threshold  i g n i t i o n  pressure ranges only from 1.8 t o  3.2 ps ia .  T e s t s  

w e r e  made i n  the  a r c  image furnace with an inc ident  f l u x  of 65-70 cal/cm2 

per  second. The da ta  a r e  i n  Table 111. As with PDL t h e  only s i g n i f i c a n t  

change i n  threshold l i m i t  i s  given by changing t h e  oxid izer  t o  KC10,. 

s i g n i f i c a n t  change a l s o  occurred when polyurethane binder  was used with 

KC18, i n s t ead  of €%AN binder .  

A 

I n t e r p r e t a t i o n  of Experimental R e s u l t s  

The consis tency of lower def lagra t ion  p r e s s u r e s  and i g n i t i o n  thresh-  

o l d  pressures  f o r  propel lan ts  of the same general  composition implies  

t h a t  t h e  fundamental measurement i n  each case r e l a t e s  i n  some way t o  

heat  t r a n s f e r .  As t h e  pressure above burning propel lant  i s  reduced, t he  

expanded flame f r o n t  reduces t h e  heat f l u x  flowing back t o  t h e  propel- 

l a n t  sur face  u n t i l  t h e  f l u x  can no longer  maintain the  required sur face  

temperature,  Ts, t o  s u s t a i n  combustion. 

t he re fo re  the  same f o r  a l l  of t h e  va r i a t ions  t e s t e d ,  s ince  PDL v a r i e s  

l i t t l e .  A change i n  e i t h e r  oxidizer  or binder  i s  required t o  change 

PDL s i g n i f i c a n t l y  . 

I t  may be argued t h a t  Ts is 

I n  measuring threshold pressures f o r  i g n i t i o n ,  a s imi l a r  argument 

may be advanced. Pa r t  of t he  measured time t o  i g n i t i o n  i s  taken up i n  

br inging t h e  propel lan t  sur face  t o  temperature Ts.  

feedback from the  expanded flame f ront  (being pressure dependent) i s  

not enough t o  maintain the  sur face  temperature T,, then the  propel lan t  

does not cont inue burning when the  inc iden t  hea t  f l u x  i s  turned o f f .  

However, i f  t he  f l u x  

9 



Table 111 

IGNITION THRESHOLD PRESSURES FOR INCIDENT FLUX OF 70 c a l / c m 2  PER SECOND 

Formu 1 a t  i on 

PBAN 103 

PBAN 293 

PBAN 294 

PBAN 295 

PBAN 289 

PBAN 290 

PBAN 291 

PBAN 292 

PBAN 285 

PBAN 287 

PBAN 288 

N I T  101 

N I T  

PBAN 109 

PU 144 

V a r i a b l e  

80% "&104 

84% NH4C10, 

86% "&lo, 
88% NH4C1O4 

7.5% V . M .  H-322 A 1  

10.0% V.M.  H-322 A 1  

12.54 V.M. H-322 A 1  

15 .O$ V . M .  H-322 A 1  

0.5% R-5098 Fe,O, 

1.5% R-5098 Fe,O, 

2.0% R-5098 Fe,O, 

15% A l / N i t r a s o l  B i n d e r  

N i t r a s o l  (no A P )  

80% KC104/PE3AN B i n d e r  

80% KC104/PU B i n d e r  

T h r e s h o l d  L i m i t ,  psia 

2.5 

1.8 

2.2 

3.2 

2 .o 
2.7 

2.6 

3.2 

2.3 

2.5 

2.3 

3.8 

100 .o 
34 

80 

10 



. 

THEORETICAL STUDIES 

General 

G .  von Elbe2 and inves t iga to r s  a t  Aerojet-General Corporation3 

have independently developed e s s e n t i a l l y  i d e n t i c a l  analyses  of the  re- 

sponse of a burning s o l i d  propel lant  t o  a pressure  t r a n s i e n t .  These 

aiidySeEi iiicOrpOra$e the f G l f G T i i l g  Z 3 3 t l X p t i G i l S .  

1. The rate-of-change of heat f l u x  (or pressure)  i s  considered t o  

be s u f f i c i e n t l y  low t h a t  t he re  i s  no appreciable  l a g  i n  the  r e l axa t ion  

of t h e  temperature p r o f i l e  i n  t h e  gra in .  Thus t h e r e  i s  always a steady- 

s t a t e  p r o f i l e  corresponding t o  t h e  instantaneous heat  f l u x .  

2. The s teady-s ta te  burning r a t e  of t h e  propel lan t  i s  assumed t o  

be descr ibed by the  empir ical  expression r = bPn. 

expression i s  assumed t o  r e l a t e  the instantaneous burning r a t e  and 

pressure  during t r a n s i e n t s .  

I n  add i t ion ,  t h i s  

3. The sur face  temperature i s  assumed cons tan t .  

These assumptions permit a quasi-steady t reatment  of t he  response 

of t h e  propel lan t  t o  pressure t r a n s i e n t s .  I n  t h i s  approach t h e  em-  

p i r i c a l  s teady s t a t e  burning-rate law i s  combined with an energy balance 

a t  t h e  gas-sol id  i n t e r f a c e ,  and the  r e s u l t i n g  equation i s  d i f f e r e n t i a t e d  

with t i m e  t o  r e l a t e  instantaneous burning r a t e  t o  pressure-decay r a t e .  

The l i m i t a t i o n s  of t h e  quasi-steady approach may be deduced by 

examining t h e  c h a r a c t e r i s t i c  re laxa t ion  times assoc ia ted  with the  gas- 

phase and solid-phase processes involved i n  the  combustion mechanism. 

O r d e r s  of magnitude of t hese  re laxa t ion  t i m e s  are6 

K 
S 

solid 7 T r  

where Ks and Kg are t h e  thermal d i f f u s i v i t i e s  of t h e  s o l i d  and gas phases, 
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r e spec t ive ly .  

burning r a t e  of 0 .1  in . / sec  the  thermal r e l axa t ion  t i m e  i n  t h e  s o l i d  

i s  on the  order  of 0.025 sec ;  for  a burning r a t e  of 0.5 in . / s ec  i t  i s  

about 0.001 sec. 

of magnitude smaller than  Ks, with a corresponding reduct ion i n  gas- 

phase r e l axa t ion  t i m e s .  Consequently, the  solid-phase thermal l a g  

should be the  ra te - l imi t ing  mechanism i n  extinguishment of burning 

s o l i d  propel lan ts ,  as assumed by the analyses  mentioned above, i f  un- 

a n t i c i p a t e d  slower mechanisms do not appear during the  t r a n s i e n t  period. 

However, t h i s  conclusion a l s o  implies t h a t  c h a r a c t e r i s t i c  t imes f o r  

extinguishment w i l l  be comparable t o  t h e  solid-phase re laxa t ion  t i m e ,  

and, indeed,  t h e  extinguishment times observed by Aerojet  i nves t iga to r s3  

are i n  t h e  range 0.005-0.040 s e c ,  o r  about t h e  same a s  the  r e l axa t ion  

t i m e s  quoted above. Under these  circumstances t h e  quasi-steady ana- 

l y t i c a l  approach t o  t h e  problem i s  somewhat quest ionable;  such an ap- 

proach i s  t r u l y  v a l i d  only when a l l  r e l axa t ion  times a r e  negl ig ib ly  

small  r e l a t i v e  t o  t h e  c h a r a c t e r i s t i c  t i m e  of t h e  process under con- 

s i d e r a t i o n .  

A t y p i c a l  value f o r  K i s  2.5 X lo'* i n .2 / sec ,  so f o r  a S 

The gas-phase thermal d i f f u s i v i t y  Kg i s  about an order  

The empir ical  s teady-s ta te  burning r a t e  law r = bPn descr ibes  a 

behavior t h a t  r e s u l t s  from an enormously complex i n t e r a c t i o n  of gas- 

phase and solid-phase processes.  For example, t h e  over-al l  p r e s s u r e  

s e n s i t i v i t y ,  represented by the  exponent n ,  encompasses t h e  ind iv idua l  

pressure s e n s i t i v i t i e s  of many reac t ions ,  both i n  t h e  gas  phase and a t  

t he  i n t e r f a c e ,  and i s  determined by t h e  order  of these  r eac t ions  and 

o t h e r  f a c t o r s .  Inasmuch a s  the  re laxa t ion  t i m e s  of gas-phase and 

solid-phase processes  d i f f e r  by an order  of magnitude, i t  i s  l i k e l y  t h a t  

t he  r e l a t i v e  cont r ibu t ions  of these por t ions  of t h e  burning mechanism t o  

t h e  over-al l  p ressure  s e n s i t i v i t y  a r e  s u b s t a n t i a l l y  a l t e r e d  during 

t r a n s i e n t  operat ion.  T h i s  means tha t  t h e  pressure exponent n may i t s e l f  

be a func t ion  of dP/dt, i n  which case a representa t ion  of t h e  burning 

r a t e  during t r a n s i e n t  per iods by t h e  s teady-s ta te  expression r = bPn 

would be misleading. 
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1 .  

I t  i s  undoubtedly t r u e  t h a t  the sur face  temperature of a burning 

s o l i d  propel lant  i s  near ly  constant ,  even with w i d e  excursions i n  the  

burning r a t e .  This observation merely r e f l e c t s  the f a c t  t h a t  t he  e f -  

f e c t i v e  a c t i v a t i o n  energy E f o r  t he  sur face  v o l a t i z a t i o n  process i s  

genera l ly  qu i t e  l a r g e ,  so t h a t  E/RT, - 10 o r  g r e a t e r .  

purely from t h e  s tandpoint  of determining a temperature p r o f i l e ,  t h e  

su r face  temperature may be considered cons tan t .  On t h e  o the r  hand, t o  

be se i f - cons i s t en t  an ana lys i s  t o  determine the  t r a n s i e n t  behavior of 

the  burning r a t e  may be required t o  account f o r  changes i n  the  sur face  

temperature,  because l a r g e  changes i n  t h e  burning r a t e  ac tua l ly  are in-  

separably coupled through t h e  burning mechanism t o  small ,  but f in i te ,  

surface temperature v a r i a t i o n s .  

Therefore,  

Because a l l  r e l axa t ion  times a r e  neglected i n  the  quasi-steady a- 

na lyses  of propel lan t  extinguishment, t hese  theo r i e s  pred ic t  an in-  

s tantaneous response of the  burning rate t o  an imposed p r e s s u r e  g rad ien t .  

This impl ies  t h a t  a t  t h e  very i n s t a n t  a s u f f i c i e n t  pressure grad ien t  has 

been introduced,  before  the  pressure i t s e l f  has  responded, burning w i l l  

cease.  I n  p r a c t i c e ,  of course,  a f i n i t e  decay r a t e  ( w i t h  a t i m e  con- 

s t a n t  on t h e  order of 5-40 mill iseconds,  a s  noted above) i s  observed. 

To account f o r  t h i s  l a g ,  t he  Aerojet workers have introduced an a rb i -  

t r a r y ,  empir ical  l ag  f a c t o r  i n  their  quasi-steady analygis .  This 

device allows a reasonable co r re l a t ion  of d a t a ,  but i s  of somewhat 

l imi t ed  va lue ,  i n  t h a t  t h e  empirical cons tan ts  i n  the  l a g  f a c t o r  vary 

with experimental condi t ions;  i . e . ,  t he  l a g  f a c t o r  i s  not un ive r sa l ly  

app l i cab le .  

I n  summarizing t h e  foregoing remarks, one may conclude tha t  present ly  

a v a i l a b l e  theo r i e s  based on a quasi-steady approach w i l l  o f f e r  a t  l e a s t  

q u a l i t a t i v e  i n s i g h t  i n t o  t h e  requirements f o r  ex t inc t ion  of s o l i d  pro- 

p e l l a n t  burning. Moreover, they should provide an approximate basis fo r  

c o r r e l a t i o n  of experimental data, and, i n  f a c t ,  t h i s  capab i l i t y  has a l -  

ready been p a r t i a l l y  demonstrated.3 However, t h e  quasi-steady assumption 

i s  d i f f i c u l t  t o  j u s t i f y  r e l a t i v e  t o  t h e  e x t i n c t i o n  times of g r e a t e s t  

p r a c t i c a l  i n t e r e s t ,  and t h e  necessi ty  of introducing empir ical  l a g  f a c t o r s ,  
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fo r  example, i l l u s t r a t e s  the  inherent l i m i t a t i o n s  of t h i s  approach. 

Although cur ren t  t h e o r i e s  de l inea te  c e r t a i n  aspects  of t h e  mechanism, 

they  c l e a r l y  neglect  o t h e r s  t h a t  may be of equal s ign i f icance .  

An endeavor t o  overcome t h i s  d i f f i c u l t y ,  within the  p r a c t i c a l  

bounds imposed by inadequately understood combustion k i n e t i c s  and by 

mathematical cons idera t ions ,  has been i n i t i a t e d  a s  a pa r t  of t h e  

present  program. We are undertaking development of a more compret 

hensive and fundamental model of so l id  propel lan t  combustion under 

t r a n s i e n t  condi t ions ,  which i s  intended a s  an a i d  i n  c l a r i f y i n g  and re- 

l a t i n g  the  mechanisms of combustion i n s t a b i l i t y ,  propellant-flame ex- 

t i n c t i o n ,  and o the r  t r a n s i e n t  phenomena. The philosophy underlying 

t h i s  ana lys i s  w i l l  be t h a t  t h e  mathematical complexity should be con- 

sistent w i t h  the  ava i l ab le  per t inent  information,  such a s  da ta  de- 

s c r i b i n g  t h e  k i n e t i c s  of t he  reac t ions .  Therefore,  r a t h e r  than  per- 

forming an exhaustive ana lys i s  of a model t h a t  i s  highly r e s t r i c t e d  i n  

deference t o  insurmountable mathematical complexi t ies ,  w e  s h a l l  seek a 

more n e u t r a l  balance between a r e a l i s t i c  model and mathematical t r a c t a -  

b i l i t y .  S p e c i f i c a l l y ,  t h e  model should encompass i n  a fundamental way, 

r a t h e r  than through purely empirical  r e l a t i o n s h i p s ,  t he  recognized bas i c  

f e a t u r e s  of t he  combustion mechanism, w i t h  modifications o r  improvements 

d i c t a t e d  by experiments. A t  t h e  same t ime, i t  i s  cons i s t en t  with cur- 

r en t  q u a n t i t a t i v e  knowledge of t h e  combustion k i n e t i c s ,  and with the  

d e s i r a b i l i t y  of minimizing mathematical problems, t o  descr ibe the  re- 

a c t i o n  s t e p s  i n  highly s impl i f i ed  terms, e . g . ,  by elementary Arrhenius 

k i n e t i c s .  A preliminary treatment of t h i s  t y p e ,  ou t l ined  below, suggests  

t h a t  such an approach may prove t o  be q u i t e  i l lumina t ing .  

S impl i f ied  Model of Unsteady Combustion i n  So l id  Propel lan ts  

Denison and Baum' have considered a s impl i f ied  model of propel lan t  

combustion i n  which i t  was assumed ( a )  t h a t  gas-phase reac t ions  may be 

represented i n  terms of a s i n g l e  reac t ion  of a r b i t r a r y  order  t h a t  obeys 

Arrhenius k i n e t i c s  and responds with neg l ig ib l e  t i m e  l a g  t o  pressure 

d is turbances ;  ( b )  t h a t  t he re  i s  no e ros ive  burning; (c)  t h a t  the L e w i s  
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number i s  uni ty  i n  t h e  gas  phase; ( d )  t h a t  sur face  vaporizat ion follows 

an Arrhenius law; and (e )  t h a t  there  a r e  no solid-phase r eac t ions .  

Their  per turba t ion  ana lys i s  determined t h e  response of t h i s  model com- 

bus t ion  process ,  i n i t i a l l y  burning i n  steady s t a t e ,  t o  a sudden o s c i l -  

l a t i o n  o r  step-change i n  pressure ,  and derived s t a b i l i t y  c r i t e r i a  i n  

terms of thermochemical parameters of t h e  propel lan t .  Recently t h i s  

a n a l y s i s  was extended by Imber," using t h e  same combustion model, t o  

inc lude  tne  p o s s i b i l i t y  of a time-varying temperature p r o f i l e  i n  the  

g r a i n  p r i o r  t o  t h e  pressure per turba t ion ,  a s  during i g n i t i o n ;  corre- 

sponding modif icat ions i n  t h e  s t a b i l i t y  c r i t e r i a  w e r e  der ived.  The 

bas i c  approach taken i n  these  analyses i s  commendable, but the  re- 

s u l t s  probably a r e  of l imi t ed  value owing t o  the  r a t h e r  u n r e a l i s t i c  

combustion model, which omits what may be key s t e p s  i n  the  combustion 

mec hani s m  . 

To develop an improved theory of unsteady combustion, i t  seems de- 

s i r a b l e  t o  r e t a i n  t h e  general  approach of t h e  per turba t ion  analyses ,  

while employing a less r e s t r i c t i v e  combustion model. 

A s  a f i r s t  s t e p  i n  t h i s  procedure w e  s h a l l  consider  t h e  combustion 

model of F ig .  6 ,  i n  which exothermic ( o r  endothermic) r eac t ions  a r e  

permitted within t h e  s o l i d  phase, a t  or very near t h e  i n t e r f a c e .  I n  

t h i s  i dea l i zed  model t hese  solid-phase reac t ions  w i l l  be assumed t o  

occur i n  a sur face  l a y e r  of negl ig ib le  thickness  r e l a t i v e  t o  t h e  pene- 

t r a t i o n  depth of the  temperature p ro f i l e .  This assumption g r e a t l y  

s i m p l i f i e s  t h e  mathematical ana lys i s  and i s  e n t i r e l y  cons i s t en t  with 

t h e  simple Arrhenius k i n e t i c s  employed t o  descr ibe t h e  r eac t ion  processes 

The equation governing heat  conduction i n  t h e  s o l i d  phase beyond t h e  

sur face  r eac t ion  zone i s :  

a T  3T a2T - = r ( t )  - + IC - a t  ax ax2 * 

The vaporizat ion process a t  t he  wall i s  assumed t o  follow an Arrhenius 
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FIG. 6 COMBUSTION MODEL WITH GAS-PHASE AND SOLID-PHASE REACTIONS 

law so t h a t  t he  burning r a t e  i s  r e l a t ed  t o  wal l  temperature a s  follows: 

-E/RT, r = ae 

The following boundary condi t ion i s  imposed upon t h e  temperature: 

The remaining boundary condi t ion i s  obtained through an energy-flux bal-  

ance a t  t h e  solid-gas i n t e r f a c e .  The ne t  hea t  conducted i n t o  the  un- 

reac ted  sol id  propel lant  from t h e  i n t e r f a c e  a t  t h e  plane x = 0 is: 

- = - k ( 2 )  - p,rh% + psrhs, + Q, + Q,; 
%I 

(4 1 

The f i r s t  t e r m  on the  right-hand s i d e  of t h e  equa l i ty  s i g n  represents  t h e  

energy coming from the  gas phase; t h e  second, t h e  energy c a r r i e d  i n t o  t h e  
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gas  with t h e  vaporizing propel lan t ;  t h e  t h i r d ,  t h e  energy ca r r i ed  by 

convection from t h e  unreacted so l id  phase i n t o  the  i n t e r f a c e ;  t h e  f o u r t h ,  

t h e  energy re leased  ( p o s i t i v e )  i n  heterogeneous decomposition reac t ions  

a t  t h e  sur face  whose r eac t ion  r a t e s  depend upon t h e  l o c a l  gas-phase 

d e n s i t y ;  and t h e  l a s t ,  t he  energy released i n  solid-phase sur face  re- 

a c t i o n s  with rates t h a t  a r e  independent of gas-phase condi t ions .  I t  i s  

convenient t o  rewrite t h i s  expression a s  follows:' 

( 5 )  

Denison and Baum'have obtained a so lu t ion  t o  t h e  gas-phase conser- 

va t ion  equations by assuming t h a t  t h e  eonplex gaseous reae t ion  process 

may be represented by a s ing le-s tep  r eac t ion  of order  n ,  where i n  some 

cases  n may not be an i n t e g e r .  For now we s h a l l  r e t a i n  t h e i r  gas-phase 

s o l u t i o n ,  which y i e l d s  t h e  following expression f o r  t h e  heat f l u x  from 

t h e  gas-phase t o  the  wal l :  

This so lu t ion  a l s o  r e l a t e s  t h e  instantaneous flow of r eac t an t  i n t o  t h e  

gaseous r eac t ion  zone, p s r ,  t o  t h e  instantaneous gas-phase reac t ion  r a t e ,  

so t h a t  : 
n n  Ef - -+1 0 -- 
2 2  2RTf r = CP Tf e 

Heterogeneous deconposit ion reac t ions  a t  t he  i n t e r f a c e  w i l l  proceed 

a t  a r a t e  proport ional  t o  t h e  t o t a l  mass f l u x  through t h e  sur face  re- 

a c t i o n  zone, psr. 

ogeneous r eac t ion  depends upon t h e  dens i ty  of t he  gas-phase r eac t an t  and 

on t h e  Arrhenius law of t h e  reac t ion .  Thus: 

The f r a c t i o n  of t h i s  mater ia l  involved i n  t h e  he te r -  

Except t h a t  they a r e  independent of t h e  gas-phase dens i ty  a t  t h e  surface,  

t h e  o the r  decomposition r eac t ions  (represented here  a s  a s i n g l e  s t e p  
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r e a c t i o n ,  c o n s i s t e n t  with t h e  gas-phase t rea tment )  follow a s i m i l a r  law: 

Equations (5),  (6), (8) ,  and (9)  may be combined t o  obta in :  

Equations ( l) ,  (2), and (7), with the  boundary condi t ions  of 

Eqs. (3) and ( l o ) ,  complete t h e  mathematical r ep resen ta t ion  of t h e  com- 

bus t ion  model i n  terms of t h e  dependent v a r i a b l e s  Tf,Tw, and r .  

t o  t h e  nonl inear  cha rac t e r  of these  equat ions ,  a closed-form so lu t ion  

cannot be obta ined ,  i n  gene ra l .  Consequently, w e  r e s o r t  t o  a s m a l l -  

p e r tu rba t ion  a n a l y s i s ,  assuming t h a t  each dependent v a r i a b l e ,  as w e l l  

as t h e  pressure ,  i s  t h e  sum of a steady and a perturbed component: 

Owing 

P = P(1 + F) - - 
T = T f ( l  + Tf)  

Tw = yW(l + Tw) 
N 

f 

cv - 
r = r ( l  + r )  

<< 1. By in t roducing  where, f o r  example, P i s  t h e  r a t i o  

express ions  i n t o  Eqs. ( l ) ,  (2),  ( Q j p  (7), and ( l o ) ,  and r e t a i n i n g  

ru 

- 
P 

(11 1 

these  

on1 y 

f i r s t - o r d e r  terms i n  t h e  perturbed q u a n t i t i e s ,  one can o b t a i n  a set  of 

l i n e a r  equat ions .  The s o l u t i o n  t o  t h e s e  equations g i v e s  t h e  f i r s t - o r d e r  

response of t h e  combustion mechanism t o  a pe r tu rba t ion  i n  t h e  chamber 

pressure .  

Denison and Baum7 and Imber’ have c a r r i e d  o u t  such a s o l u t i o n  f o r  

t h e i r  simple combustion model, i n  which solid-phase exothermic or  endo- 

thermic r eac t ions  a r e  not  permitted.  I n  a l a t e r  qua r t e r ly  r e p o r t  i t  

w i l l  be shown t h a t  t h e  present  problem, i n  which such r e a c t i o n s  are a l -  

lowed, can be made mathematically i d e n t i c a l  t o  t h a t  of t h e  simpler model 

by r ede f in ing  c e r t a i n  parameters i n  a s u i t a b l e  manner. This permits t h e  

18 



u s e  of e a r l i e r  r e s u l t s ,  obtained from a r a t h e r  complicated ana lys i s ,  t o  

determine the  response of  t he  present combustion model t o  pressure per- 

t u r b a t i o n s .  

An Approximate Solu t ion  

Preliminary t o  t h e  development of a prec ise  so lu t ion ,  i t  may be 

i n s t r u c t i v e  t o  obta in  an approximate so lu t ion  corresponding t o  the  

present  combustion model. I n  so doing, t h e  mathematical complexity of 

t h e  problem can be g r e a t l y  reduced, which should f a c i l i t a t e  a physical  

i n t e r p r e t a t i o n  of t h e  r e s u l t s .  

With t h i s  ob jec t ive  i n  mind ,  l e t  u s  i n t e g r a t e  Eq. (1) over x t o  

o b t a i n  : 

a 
a t  0 W 

p" (T - To)dx = - 

To eva lua te  the  i n t e g r a l ,  which represents  e s s e n t i a l l y  t h e  t o t a l  energy 

s to red  i n  t h e  g ra in  a t  any i n s t a n t ,  i t  i s  convenient t o  assume a steady- 

s t a t e  temperature p r o f i l e ,  

-rx/K 
T - To = (Tw - To)e 

A s  rap id  changes appear i n  t h e  heat  f l u x ,  t h e  temperature p r o f i l e  shape 

w i l l  r e f l e c t  t h e  corresponding small changes i n  sur face  temperature much 

more r ead i ly  than i t  w i l l  respond t o  t h e  much l a r g e r  simultaneous changes 

i n  burning r a t e .  

w i l l  be neglected.  Then Eq. (12) becomes: 

Thus, f o r  purposes of t h e  approximate ana lys i s ,  dT/dr 

r(Tw - T o )  - K 
K dTw - - =  - 
r d t  (14 

I t  i s  worth d igress ing  b r i e f l y  t o  note  t h a t  t h e  assumptions leading 

from Eq. (12) t o  Eq. (14) do not reduce the  present  ana lys i s  t o  a quasi- 

s teady treatment comparable t o  those discussed i n  t h e  in t roductory  sec- 

t i o n .  Here t h e  sur face  temperature has  been allowed t o  vary,  and t h e  

primary t r a n s i e n t  i n  t h e  temperature p r o f i l e  has been considered. More- 

over ,  t h e  poss ib le  s h i f t  i n  r e l a t i v e  importance of so l id -  and gas-phase 
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r eac t ions  under t r a n s i e n t  condi t ions i s  accounted f o r  i n  t h e  present  

approach, a s  no empir ical  burning r a t e  law i s  used. 

Equations (11) may now be subs t i t u t ed  i n t o  Eqs. ( 2 ) ,  (7), (lo), 

and (14), and terms of equal order  co l l ec t ed .  Terms of t he  order  of 

( o r  T 
order  of 5 form t h e  l i nea r i zed  mathematical desc r ip t ion  of t h e  response 

to pressure perturbations * 

- 
T ,;) comprise t h e  unperturbed equat ions,  while those of t h e  f '  w 

Combust i o n  Without Pressure D i  s t  urbances 

The equations f o r  undisturbed burning of t h e  s o l i d  propel lan t  a r e  : 

-E - - r = ae /RTw 

These equat ions a r e  nonl inear ,  and, except by numerical methods, 

no so lu t ion  can be obtained,  i n  general .  Such a so lu t ion ,  i f  obtained,  

would descr ibe t h e  "normal" behavior of t h e  combustion process,  i . e . ,  

t h e  behavior i n  t h e  absence of dis turbances caused, f o r  example, by 

acous t i ca l  i n t e r a c t i o n s  i n  the  chamber. The s teady-state  so lu t ion  

( d T d d t  = 0 )  would correspond, w i t h i n  t h e  l i m i t a t i o n  

t h e  behavior ysua l ly  descr ibed i n  terms of an empir ical  law such as 

r = bPn. 

of t h e  model, t o  

The First-Order Response t o  Pressure Per turba t ions  

The f i r s t - o r d e r  response of the combustion model t o  pressure t ran-  

s i e n t s  i s  obtained by c o l l e c t i n g  terms of t h e  order  of r a t i o s  of per- 

turbed t o  unperturbed q u a n t i t i e s ,  i . e . ,  P,  r ,  Tw, and T f .  

i n  t hese  equat ions may be s implif ied by appropr ia te  s u b s t i t u t i o n s  from 

' U h C U  cu 
Coef f i c i en t s  
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E q s .  (15), (16), and (17).  

one ob ta ins  the  following s e t  of l i n e a r  equations: 

Af te r  considerable a lgebra ic  manipulation, 

- E - 2 :  
cu R T w 2  

W T =  
f c 

n+2 Ef where c = - + -  
ZRTf 

I t  i s  convenient t o  combine these  equations t o  obta in  the  following 

d i f f e r e n t i a l  equation f o r  r: 
n, 

where 
72 EH ED cp Tf E/RT W 

c, = g [eH(, - m )  + eD - - - - - c -  c - 
RTW RTW Tw 

(19 1 
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4 

Response t o  S inusoida l  Pressure  Osc i l l a t ions  
or  an ExDonential Pressure Decav: A S t a b i l i t v  C r i t e r i o n  

An o s c i l l a t o r y  pe r tu rba t ion  i n  t h e  chamber pressure  may be ex- 

pressed a s :  
P" = c s i n  w t  

w h e r e  t h e  r a t i o  of t h e  o s c i l l a t i o n  amplitude t o  t h e  s teady-s ta te  pressure  

is 6 << 1.  he corresponding so lu t ion  tc ~ q .  (zx), zssuming I- = o at 
t = 0,  i s :  

.-., 

r.d 

'2 [wClt - el  s i n  wt - u cos  ut]. cz,+ d r =  

This  equation i n d i c a t e s  a very important s t a b i l i t y  c r i t e r i o n ;  i f  C ,  > 0 

f o r  a given p rope l l an t ,  imposed pressure o s c i l l a t i o n s  may induce i n  t h a t  

p rope l l an t  an unbounded i n c r e a s e  i n  burning r a t e  with t i m e ;  i . e . ,  un- 

s t a b l e  combustion. Because instabil i ty-damping mechanisms present i n  an 

actual  rocket chamber a r e  excluded from t h e  present  model, i t  i s  not  

necessa r i ly  t r u e  t h a t  combustion i n s t a b i l i t y  must occur when C, > 0. 

However, t h e  a n a l y s i s  i n d i c a t e s  t ha t  combustion i n s t a b i l i t y  i s  impossible 

only i f  C ,  < 0.  - 
The chamber-pressure decay introduced wi th in  the por t  of a s o l i d  

rocket t o  terminate combustion t y p i c a l l y  has the form: 

dP 
(Note t h a t  a t  t = 0 ,  $/dt = - B ,  or dt = -eF.) 
proximate i n i t i a l  response of t h e  burning rate t o  t h i s  pressure  decay is:  

From Eq. (211, t h e  ap- 

As i n  t h e  case of a s inuso ida l  pressure o s c i l l a t i o n ,  uns tab le  combustion 

may occur when a sudden negat ive  pressure g rad ien t  i s  imposed, un le s s  

C, < 0. I n  f a c t ,  t h i s  s t a b i l i t y c r i t e r i o n  holds q u i t e  g e n e r a l l y ,  inde- 

pendent of t h e  type  of pressure disturbance t h a t  i s  in t roduced .  Such a 
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c r i t e r i o n  i s  not de r ivab le  from the  quasi-steady ana lyses  discussed 

previous ly .  

The phys ica l  meaning of t h e  s t a b i l i t y  cr i ter ion may be explained 

q u a l i t a t i v e l y  by examining t h e  separa te  terms i n  Eq. (22) .  

burning i t  i s  requi red  t h a t  t h e  sum of t h e  negative terms be g r e a t e r  

i n  magnitude than  t h e  sum of t h e  pos i t i ve  terms. An i n c r e a s e  i n  t h e  

magnitude of t h e  nega t ive  terms i s  accomplished p r i ~ r i l y  t h r m g h  8n 

i n c r e a s e  i n  t h e  gas-phase flame temperature, which corresponds t o  an 

e l e v a t i o n  of t h e  energy release i n  t h e  gas  phase. 

t e r m  i s  p r a c t i c a l l y  t h e  same f o r  a l l  p r o p e l l a n t s . )  

l e a s e  i n  t h e  s o l i d  phase, e .g . , from exothermic decomposition r e a c t i o n s ,  

c o n t r i b u t e s  t o  t h e  p o s i t i v e  terms and thereby promotes combustion i n -  

s t a b i l i t y .  consequently,  f o r  s t a b l e  burning i t  i s  requi red  t h a t  t h e  

hea t  r e l e a s e  i n  solid-phase r eac t ions  remain less than  a c e r t a i n  f r ac -  

t i o n  of t h e  t o t a l  hea t  r e l e a s e  i n  the combustion process.  Highly exo- 

thermic solid-phase r eac t ions  a r e  l i k e l y  t o  exceed t h e  permiss ib le  

l i m i t  and cause uns tab le  combustion. Moreover, owing t o  t h e  p o s i t i v e  

(d?/dt)w t e r m ,  combustion i n s t a b i l i t y  may occur i n  an otherwise s t a b l e  

motor i f  t h e r e  i s  a pressure  disturbance while t h e  s teady-s ta te  tempera- 

t u r e  p r o f i l e  i s  s t i l l  being es tab l i shed  wi th in  t h e  g r a i n ,  e . g . ,  j u s t  

a f t e r  i g n i t i o n .  

For s t a b l e  

(The o t h e r  nega t ive  

A high energy re- 

Pressure  Gradient Required f o r  Combustion Termination 

Obviously, t e rmina t ion  of the combustion process w i l l  u l t ima te ly  

occur as t h e  chamber pressure  f a i l s  t o  ze ro ,  regardless of t h e  pressure  

g rad ien t  i n i t i a l l y  in t roduced .  However, t h e  r a t e  a t  which t h e  e x t i n c t i o n  

occur s ,  i . e . ,  t h e  t i m e  requi red  f o r  t h e  burning r a t e  t o  drop t o  ze ro ,  i s  

i n t i m a t e l y  coupled t o  t h e  t r a n s i e n t  response of t h e  combustion mechanism, 

and t h e r e f o r e  t o  t h e  pressure  grad ien t .  I n  p r a c t i c e ,  t o  s t o p  so l id -  

propel lan t  combustion success fu l ly  w i l l  r equ i r e  achievement of t h e  mini- 

mum poss ib l e  lag i n  t h e  response of t h e  burning r a t e  t o  a chamber pres- 

s u r e  decay. I n  an a c t u a l  motor t h e  chamber pressure  i n i t i a l l y  drops,  

then  rises again as a r e s u l t  of t h e  f i n i t e  chamber volume and nozzle 
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t h r o a t  a r ea .  I f  t he  response of the combustion mechanism i s  slow, re- 

i g n i t i o n  may occur a s  t h e  pressure s t a r t s  t o  rise. I t  i s  a consequence 

of t h i s  l a g  e f f e c t  t h a t  an empirical  l a g  f a c t o r ,  which i s  not un ive r sa l ly  

app l i cab le ,  i s  unavoidable i n  using t h e  quasi-steady theory .3  This  d i f -  

f i c u l t y  i s  removed with t h e  Present approach, because the  f i n i t e  response 

t i m e  of t h e  combustion mechanism i s  considered. 

Tc develop a criterion for  minimizing t h e  response l a g  time of t h e  

combustion process,  i t  i s  necessary t o  consider  t h e  r a t e  of change of 

the  burning 

I t  has  been 

r a t e ,  given by t h e  t ime-derivative of Eq. (25 ) .  

es tab l i shed  i n  t h e  preceding sec t ion  t h a t  unstable  combus- 

t i o n ,  r a t h e r  than a smooth ex t inc t ion  of combustion, may occur unless  

C ,  < 0. Consequently, i n  t he  following discussion t h i s  c r i t e r i o n  may be 

assumed s a t i s f i e d ,  a s  only a s t a b l e  system i s  of i n t e r e s t  he re .  

To determine t h e  necessary condi t ions f o r  reduct ion of t h e  i n i t i a l  

response l a g  i n  t h e  combustion mechanism, i t  i s  convenient t o  expand 

Eq.  (26) f o r  small t ,  r e t a in ing  the  2nd order  term. 

I n  gene ra l ,  t he  i n i t i a l  r a t e  of change i n  the  burning r a t e  under an 

imposed pressure grad ien t  i s  proportional t o  w2 ,  where dP/dt = @F. 
However, t h e  a lgebra ic  s ign  of t he  second t e r m ,  and of a l l  even-numbered 

terms i n  t h e  series, i s  f i x e d  by the r e l a t i v e  magnitude of 8 ( t h e  pres- 

su re  g r a d i e n t )  and C ,  (which i s  negat ive) .  If 

numbered terms a r e  p o s i t i v e ,  meaning the  burning r a t e  f a l l s  o f f  r e l a -  

t i v e l y  slowly. This damping e f f ec t  apparently i s  a t t r i b u t a b l e  t o  an 

out-of-phase i n t e r a c t i o n  between t h e  separa te  s t e p s  i n  t h e  combustion 

mechanism. 

r a t e  e x t i n c t i o n  i s  sharply acce lera ted ,  because a l l  s t e p s  i n  t h e  com- 

bust ion process respond i n  phase t o  the  pressure decay. 

< l C , l ,  t h e  even- 

When l e  I > I C, 1, a l l  terms a r e  negative and the  burning 
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I n  summary, t h e  present ana lys i s  de f ines  two c r i t e r i a  f o r  success- 

f u l  e x t i n c t i o n  of  s o l i d  propel lan t  combustion: (1) t o  prevent uns tab le  

combustion a s  a r e s u l t  of pressure  d is turbances ,  i t  i s  required t h a t  

C l  < 0 ;  (2) t o  ensure minimum lag i n  t h e  burning-rate response of t h e  

combustion mechanism t o  an  imposed negat ive  pressure  pulse ,  i t  i s  re- 

qu i r ed  t h a t  > IC,l. 

The ear l ier  quasi-steady analyses nf n t h e r  invest iga tors2  * l ead 

t o  t h e  following c r i t e r i o n  fo r  combustion te rmina t ion  by a nega t ive  

p re s su re  grad ien t :  

where 
-n r = b P  . 

The c r i t e r i o n  developed i n  t h e  present t reatment ,  

pressed i n  t h e  following comparable fora: 

> I C , l ,  may be ex- 

where 

t=o 

W 

- 
cp Ff E / R ? ~  -To E 

cs T W 
RTW 

- --- - .(” ~w - .  - c 

The common f e a t u r e  of these  two c r i te r ia  i s  ev ident :  Both show 

p rec i se ly  t h e  same dependence on the  burning r a t e ,  chamber p re s su re ,  

and thermal d i f f u s i v i t y  of t h e  s o l i d  p rope l l an t .  However, t h e  present  

treatment r evea l s  a b a s i c  d i s t i n c t i o n  between d i f f e r e n t  p rope l l an t s  t h a t  

i s  not  i nd ica t ed  by t h e  quasi-steady a n a l y s i s .  According t o  Eq. ( 2 8 ) ,  
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an a r r ay  of propel lan ts  with iden t i ca l  burning r a t e  c h a r a c t e r i s t i c s ,  

and opera t ing  a t  the  same chamber pressure,  might s t i l l  requi re  sub- 

s t a n t i a l l y  d i f f e r e n t  pressure grad ien ts  t o  terminate  burning, owing t o  

d i f f e r e n t  values  of t h e  parameter h .  The magnitude of A i s  determined 

by t h e  r e l a t i v e  importance of various r eac t ion  phases t o  the  over-al l  

combustion process,  w h i l e  t he  s t a b i l i t y  c r i t e r i o n  developed above re- 

q u i r e s  t h a t  1 < 0 f o r  s t a b l e  combustion. 

Eq. (28 1 thzt  propellants with r e l a t i v e l y  modest exothermic solid-phase 

r eac t ions  and high flame temperatures w i l l  not only be more s t a b l e ,  but 

a l s o  w i l l  r equi re  a s t ronger  negative pressure pulse  f o r  terminat ion of 

burning than w i l l  p rope l lan ts  having s imi l a r  burning r a t e  c h a r a c t e r i s t i c s  

b u t  a higher  degree of exothermic reac t ion  i n  t h e  s o l i d  phase and less 

heat  r e l ease  i n  t h e  gas  phase. 

Therefore,  i t  follows from 

Summary Comments on t h e  Analy t ica l  Approach 

The foregoing ana lys i s  and discussion suggests  t h a t  a r e l a t i v e l y  

fundamental approach t o  t h e  s o l i d  propel lant  combustion problem may 

u l t i m a t e l y  def ine  and c l a r i f y  s ign i f i can t  mechanisms and i n t e r a c t i o n s  

t h a t  here tofore  have been overlooked. The theory developed above repre- 

s e n t s  a preliminary e f f o r t  t o  examine t r a n s i e n t  combustion problems i n  

a somewhat more fundamental and uni f ied  manner than has been usua l ,  

whi le  s t i l l  r e t a in ing  a meaningful combustion model. Future a n a l y t i c a l  

s t u d i e s  w i l l  endeavor t o  r e l a t e  the t h e o r e t i c a l  conclusions a s  d i r e c t l y  

a s  poss ib le  t o  observable q u a n t i t i e s ,  and t o  extend the  combustion model 

a s  requi red .  C lea r ly ,  extensive experimental s t u d i e s  w i l l  be needed t o  

provide continuous checks,  i n p u t s ,  and u l t imate  v e r i f i c a t i o n  of theore t -  

i c a l  concepts.  The foregoing treatment provides a continuing b a s i s  f o r  

guidance of t he  experimental i nves t iga t ion .  
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CONCLUS IONS 

The work t o  da te  has shown t h a t  a r e l a t i v e l y  sophis t ica ted  ana- 

l y t i c a l  approach can be e f f e c t i v e l y  jo ined  with an experimental study 

of t r a n s i e n t  pressure per turba t ion  a s  represented by rapid depres- 

sur izat ion of t h e  burning pressure.  

I t  appears probable,  with t h e  success achieved i n  explaining both 

l imi t ed  ex t inc t ion  da ta  and extensive combustion i n s t a b i l i t y  d a t a ,  t h a t  

planning of propel lant  development on o the r  than an empir ical  or in-  

t u i t i v e  b a s i s  w i l l  be poss ib le  i n  the  balance of t h e  program. 

Much remains t o  be done i n  improving the  modelling concept f u r t h e r ,  

but  t h e  success t o  da te  augurs w e l l  f o r  a continued improvement i n  our  

knowledge of t he  re levant  combustion processes .  
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NOMENCLATURE 

a = frequency f a c t o r  i n  Arrhenius law (Eq. 2) 

b 

C = cons tan t  defined by Eq. (17) 

C1 = cons tan t  defined by Eq.  (22) 

C, = constant  defined by Eq. (23) 

C s  = s p e c i f i c  heat  capaci?;y of s o l i d  

E = a c t i v a t i o n  energy f o r  vaporizat ion of i n t e r f a c e  (Eq. 2) 

= c o e f f i c i e n t  i n  empirical  burning rate law, r = bPn 

= a c t i v a t i o n  energy f o r  pressure- insensi t ive solid-phase 
decomposition r eac t ions  (Eq. 9 )  

Ef = a c t i v a t i o n  energy f o r  gas-phase r eac t ion  (Eq. 7 )  

EH = a c t i v a t i o n  energy f o r  heterogeneous o r  pressure-sensi t ive 
solid-phase r eac t ions  (Eq. 8) 

I;b = heat  r e l e a s e  (pos i t i ve ) /un i t  mass propel lan t  i n  decompo- 
s i t i o n  reac t ions  (Eq. 9 )  

HH = heat  r e l ease  (pos i t i ve ) /un i t  mass propel lan t  (a t  a reference 
temperature and pressure)  i n  heterogeneous r eac t ions  (Eq. 8) 

K 

k = thermal conduct ivi ty  

L 

m = order  of heterogeneous reac t ion  (Eq. 8) 

n = order  of gas-phase r eac t ion  (Eq.  7 ) ;  a l s o  pressure exponent 

P = chamber pressure 

Qr = heat  of reac t ion /uni t  mass of reac tan t  i n  t he  gas-phase r eac t ion  

R = gas cons tan t  

r = burning r a t e  

T = temperature 

t = t i m e  

x = dis tance  i n t o  t h e  propel lan t  from i t s  surface 

B = constant  def ined by Eq. (24) 

e = amplitude of pressure o s c i l l a t i o n  (Eq. 22) 

= thermal d i f f u s i v i t y  (o f  s o l i d  unless  otherwise spec i f i ed )  = k/psC, 

= heat  of vaporizat ion/uni t  mass of propel lant  

i n  empirical  burning r a t e  law 

rac t ion  of t o t a l  mass f l u x  a t  t h e  wall  assoc ia ted  with r eac t an t  
near ly  u n i t y  a t  t he  wa l l )  

% =  

A = constant  defined by Eq. (28) 

= dens i ty  of s o l i d  propel lan t  
PS 
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NOMENCLATURE (cont d )  

Subscripts  

DL = lower def lagrat ion l i m i t  

f = gas-phase flame 

g = gas phase 

o = condit ions  at  x +UJ 

s = s o l i d  phase 

w = condit ions  a t  t h e  wall  (gas-sol id i n t e r f a c e )  

Superscripts  
- 

( ) denotes value of quantity prior t o  pressure disturbance 

( ) denotes d i f ference  between perprbed and unperturbed - value ,  
N 

divided by unperturbed value; r = ( r ( t )  - r )Jr .  
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